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ABSTRACT

In a wedge shaped ocean, the method of images 1s used to
develop an analytical approximation of the acoustic pressure
field. Contemporary work develops acoustic doublets from a
combination of the source and surface reflection image using
simple dipole theory. The method of images is then used to
sum the dipole images. This thesis matches dipole pairs to
achieve a quadruplet expansion. A computer program using the
derived quadruplet equation is then created to verity the

results by comparing them with the "URTEXT" program.
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I. INTRODUCTION

This thesis 1s a continuation in the examination ot the
acoustic pressure field 1n a wedge shaped ocean. As the
focus of naval operations shifts to the littoral regions,
more attention 1s being paid to the problem ot A.S.W. 1n
acoustically shallow water, 1.e. regions where the sound
paths have multiple interactions with the surtace ana bottom.
To date, the simplest propagation model has been the methnod
of images.

In its present form, this model assumes isospeed water,
a pressure release upper surface, and a lossy, penetrable
bottom. For parallel surtaces, the source and i1ts images
form a vertical array with the actual source at the center.
Furthermore, 1t the source 1s near the surrace 1t can be
combpined with 1ts negative (180° out ot phase) surtace
reflection image to form a dipole source. The column ot
1mages can then be considered a column or doublet images.

The equations used 1n this thesis are the far tieia
approximations of the acoustic¢c doublet. An unbatanced
doublet is defined as having two sources of nearly equal
amplitude but opposite phase separated by a distance da. It
the amplitudes differ greatly, or if the phase difference 1is
not 180°; then the doublet approximation 1s not valaid.

When the method of images 1s used 1n a wedge shaped
ocean, the vertical column of doublet images becomes a circile

1




centered on the apex. In previous work the upper and lower

image doublets were summed i1ndividually with great success.
This thesis attempts to group upper and lower doubliets 1into
double doublets or gquadruplets.

This method can oniy be used tor extremely smaill wedge
angles. With larger angles the sound paths from the upper
and lower doublet images will be to dissimilar, and the
quadruplet approximation will be invalid. Since typical
slopes for most of the worlds continental shelves are about
3%, a good analogy wouid be that ot using a ship mounted
active sonar searching for a diesel submarine 1n the sheit

region.
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II. WAVE NUMBERS AND SCALING
Sound propagation 1n a shallow channel with a pressure
release surface paraillel to a rigid bottom has a propagation

wave number for each mode defined by the foilowing egquation

1

K=(n-2) 2 2o (1)

R
H £(0)
Where H is the depth of the channel. For a fast bottom, ©

is the critical angle found from

—~

sin9c=%; (2)
2

An analogous reference angle 9, tor a slow bottom 1s

tan6,=—* (3)

If the depth H 1s replaced by the scaling distance,

RS’-J—‘ (4)

and the bottom 1s tilted at angle f3; then eq.l for tne

cutotf vaiue ot the lowest mode with a fast bottom becomes

L3

- 2sinftanp (3)

and for a slow bottom

Kx= B (6)




II1. ACOUSTIC DOUBLET FORMATION

The sound propagation for spherical spreading of a point
source 1s

Ao J(et-kn)
p=—e (7)
When two point sources of opposite phase are combined to form

a doublet, egquation 7 can he expanded,

A, i(et- A iet-
p- 2 eJ(ot kr.) _;_ eJ(ut kr,) L8

Where the "+'" and "-" subscripts reter to the upper ana lower

sources respectively. These values can be expandaea

I,=r+Ar A=A, ,+AA
(9
r.=r-Ar A =A,-AA

Where the delta values indicate the i1ncremental ditterence

tor each source comparea to a theoretlical point source

located exactly between them. The pressure equation can then

be rearranged to yieid

AA _AA

A 1+ == 1 _A_
Pg_oej(ut-kr)[(__°)ejnf-(_.°_)e jkAr) {10

I _Ar Ar

1 - 1+—

An acoustic source located near the surface has a

surface retlection image of equal amplitude ana opposite

phase. In the far field the image pair is treated as a




single doubliet source. For a palanceda source, the pressure

equation can be approximated by

p,l_:ejuc[e-juz-u)_e-n(nu)] (11)

As seen 1n fig. 2, Ar 1s

= d 3
Ar Es:ne(lz)

or

Ar=r,sinysinV
(13)

combining eqgs. 11 and 13, yields the pressure
kzj—gsin(krisinysine)ei‘““"” (14

To develop an equation tor the unbaianced doubiet, the

amplitude relationships expressed 1n eq. 9 must be rewraitten

as
A, tA A,-A
A= - ti2)
o > AA >
So that for an unbalanced doublet
P—sz°[ in(k in@ -'AA k in@ Htot-kr) 16
=227 sin(kr,s8in@) -j -3-cos( r,sin@)]e (16)

(4

The distance from the center ot the doublet to the

receiver can be calculated using the i1aw of cosines.




ré=ri+rf-2r r,cos(2nps8) (17
Where the ranges rland r, are measured from the apex to the
source, and from the apex to the receiver respectively. Tne
angle & is measured from the surface down to the receiver.
The range trom each successive doublet i1in a wedge of angle g3

is

r,=fri+ri-2r r.cos(2np+8) (18)

Where the angle 1n the cosine term refers to the angle ol

1 "

each reflected 1mage; those with a "+

are the upper images,
and those with a "-'" are the lower images. ‘This equation can

be rearranged to yielid

| 2r r
r.=(r.-r;) |1+——= (1-cos(2np+8) (19)
r,-r,?

The tirst order Taylor's series expansion can then be usea to

simplity eqg. 19

II
rn=(r1—rz)(1+-i_-l—ﬁr—:2[1-cos(2nﬂ16)]} (2v)




X34V

FIG. 2

L‘C

-EIAB PR

-V

I




IV. QUADRUPLET EXPANSION
The upper and lower image doublets can be combined to tform
a quadruplet. The complimentary doublets are 180° out or phase,

and the pressure of the new guadruplet 1is

Pg- ZJIA”{sin (kr,ysin(2nf+8)) e I*4*

-sin[kr,ysin(2np-8)] e " Jeitvt-x

(21)

In this case, both of the interior exponents involiving Ar are
negative. The Ar terms are derived trom a comparison to tne
range from the primary doupbiet, thereby ensuring that all phase
angles are calculated with respect to a common reterence point.
To find the Ar values used 1n eg. 21, an approximation oI eyg. v

gives

+ 4L
Ar-=rf‘(rz'rl)=7fgg [1-cos{2nf.8} t44)
é T4

The cosine term can be expanded and approximatea ror smaii

values of o.

cos (2nPxd) scos (2nP) +dsin (2np) (23)

Equation 21 can now be expanded into the unbalanced quadruplet

equation.

. o S
2jA, -Jk=2-2 (1-cos(2nB)
= ert-kx) e a4
py=——"
Jkéﬁ:&ﬂnmw? (24)

{sin[kr,ycin(2np+8)lc’

rSafa dein/2np)
I-I,

-sin(kr.ysin(2np-8)le




It 1s convenient to define

$=kr,p(i-cos(2np))
d=kr.8sin(2nf)

z, (<¢5)
“-1'-1
2 1
So that eq. 24 becomes
pngzi eJ (o e-kr) e‘”
Ly
{A,,lsinlkrlysin(Znﬂd»b)]-‘i%coslkr,ysin(anw)l]e‘J"“’ (26)

-B,[sin[kr,ysin(2nf-8)] -j—%gcos {kr,ysin{2np-8)11c ™9

The values tor AA and AK must be determined trom the retlection

coefficients.

1V




V. REFLECTION COEFFICIENTS FOR A SLOW BOTTOM
The reflection coefficients used in this thesis are

derived from the Rayleigh reflection coefficient

_bc-8inb,/sinb;

bc+sinB® /sin®;
Where
b-Pa -5
p.l. C.L

(28)

The angles are the grazing angle eland angle or transmission

et. Theretore, 8c 1s detined as

Using trigonometric reiationships, eq. </ ¢an be

rewritten.

B ey ryvy S
R= bc-y1-c4cos®8;/eind,

be+/1-c2cos?0,/8in0;

In addition, the term under the radical can be rewritten.

y1-c?cos?0;=c/sin’g;-sin?0,

Combining eqgs. 30 and 31, and rearranging yielias

b+J1~lsin5c/siu5ﬂ’ L+1-1/%7

R

11

(29)

(30)

(21)

(32)




Where x is

x= bille,' (33)
sin@,
For a slow bottom with a very smail angle, eq. 3. can pe

approximated by

2bc o,

The argument of the exponential 1s

_2bc _ 2p,/p
a- - (35)
vi-¢? yicre)c-1
So that this approximation ot the Rayleigh retiection
coetticient can pe written 1n a more concise torm
R=e %6 130)

Since each ray intersects the bottom and surrace multiple
times, a product of retlection coetticients aiong each
individual path is required. This cumuiative coerticient

Wwill tagke the torm

2 1
&= [l &(0,-{zn-m)p] (3/)
»1,3,...
and the product yields
R _=e Pig-a’ep (38)

n

For very small angles, this can be approximated by

12




R =g 370 (39)

The angles of incidence are needed to calcuiate the proauct.

The angles for the bottom i1mages are
0,=2(n-1)8 (4V)
Using the law of sines, the angle at the receiver 1s defined
€=(s1,/1,)8in{2np+3) (41)

The angle of incidence of the ray trom the center ot the
doublet i1mage to the receiver intersecting the apparent

bottom 1is
0=2(n-1)p+b+e (4<)

However, the upper and lower 1mages 1n each doublet nave
slightly different anglies ot i1ncidence with the apparent

bottom
0,=(21-1)P+d+e, (43)

The upper and lower angles at the receiver tor each aoublet

are

€,=€x (1,/r,)ycos (2uP+d) (44)
The individual angles of incidence are
0,=0,+8(1+(r,/r,)cos (2nP+8)) x{z,/2,) ycos (2uP) (45)

I1f the following variables are used 1n the coefficients as

approximations ot the sine or the angles Ot incidence




1
a1+ ;‘ cesz2np
© (40

N
b,- = coz2np
IO

then eq. 38 becomes

R, =& e DetgI (47)

For each doublet image there is an upper and lower 1mage.
The upper doublet 1s detined by Anw1th the upper 1mage A,
and the lower image A,. Likewlse, the lower aoubiet b, has

the upper i1mage B_ and the lower 1image k, .

A .ane m,bce nbyya B .uqena.G;er.‘:nya

- . (48)
A= an e na_ds enb_._yc B,= anem:hc nb_ya
An and AR detined by eq. 15 can be combined with eqg. 4%
A =& cosh(nbya)e ™**  B_=& cosh(nb.ya)e > (49)
AA=®_sinh (nb,ya) e ™**  AB=& sinh(nb,ya)e™*
When combined, they yield
-AA—é =tanh (nh. ya) AB_tanh (nb ya) (50)
n Bn
The result is the full guadruplet equation
- 2]
P=p, + coshb e'wt k) g 76
P, nz-; =&, e e (51)

(e-*-Indgin (kr,ysin(2nP+3)) -jtanhb cos (kr,ysin(2nf+3))
-e*Mdgin (kr,ysin (2nP-8)) - jtanhd cos (kzr,ysin{20p-3))]

14
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VI. RESULTS

Three runs at dirtferent ranges were made to compare tne
output orf the guadrupiet model with tnat or tne "UKRIEXT'
program. For each run, the source angie 1s 1°, ana the weage
angle is 3°. The ratio ot the sound speed 1n seawater to
that of the bottom 1s 1.01695, and the ratio ot the density
of seawvater to that of the bottom is 0.7. This 1s equivailent
to a slow bottom consisting ot a combination ot ciay and
ooze; conditions very common 1n continental sheil regions.
The runs are tabuiated at 0.3V 1ncrements ot receiver angie
from the surtace downwards. The results are snown 1in tapies
1l through 3. At a receiver angle ot zero all three runs
result in an amplitude of zero, as they shoula.

At the shortest range, Run 3, the resuits ot the
quadruplet model ditfer signiticantly trom those ot 'URTEXT .
‘'he percentage dirterence 1n amplitude 3s consistentiy apove
10%. With the exception of tne 3% receiver angie, tne
average percentage difference i1n amplituae tor the other two
runs 1s well below 10%. The tar rield aoubiet approximation
improves at longer ranges, and the approximations tor Ar
values become more accurate. Also, the difference 1n phase
angle is much greatar at the shortest range; half the phase
angles in Run 3 differ by greater than x/4, but in the other
two runs, only the phase angle at a 3° receiver angie ditrers
by more than that amount.

il0




Each ot these data sets 1s accompanied by sSampie piols
of the quadruplet pressure amplitude and tne reriection
coefticient for each gquadruplet. 1In each case, the plots
were taken with a receiver angle of 0.90°. The magnitude ot
the complex quadruplet pressure drops oft very quickly withn
the quadruplet number. It 1s negliigible by the 5th
quadruplet. This 1s a resuit of the effect of the rapia
(exponential) decay ot the Rayleigh retlection coetticient
with 1ncreased angle of i1ncidence ot the higher number ot
quadruplet.

In practical terms, this means that the guadrupiet
expansion becomes less accurate with larger receiver and
wedge angles. As these angles increase, the ditierence in
the angles of incidence pbetween the upper doublet souna path
and the ilower doublet sound patn wiil 1ncrease
proportionately. When these ditterences are raiseda to the
exponential power 1n the retlection coetricients, tue
differences 1n amplitude between upper ana lower douplets at
the receiver will be quite large. However, the tunaamentai
assumption in the gquadruplet expansion 1s that the upper and
lower doublet images are equivalent in ampiituae, but
opposite in phase. Therefore, the quadruplet expansion 1s

only valid tor very small angies and i1ong ranges,

17




TABLE 1

BETA=3 ,GAMMA=1,R1=1,R2=100,DENSITY RATIO=.9,SPEED RATIO=1.01095

DELTA |URTEXT | QUAD iaw  lurrexr
| AMP. AMP. | aMP . | PHASE
0.30 [0.00010 | 0.000092 | 8.4  |17.6
0.60 {0.00018 |0.000175 l 2.8 lis.e
0.90 |{0.00024 [0.000243 | 1.25 |19.2
1.20 |0.00032 |0.000288 |10.0 |ui8.3
,ll.SO '0.00032 1 0.000306 | 4.4 317.5 _
| 1.80 |0.00030 {u.000295 1.7  |le.z
l2.10 ]0.00029 |0.000255 [12.0 |16 0
12,40 lo.00020 |0.000150 | 5.0 1.
|2.7o l0.00013 |0.000112 |135.9 | 1iv.2
3.00  ]0.00002 |0.000079 | 295.0 | 26.9

| QUAD
| PHASE

-23.9

]
nN
w
o

|
N
[=]
> o & o

]
-
c
[+]
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TABLE 2

BETA=3,GAMMA=1,R1=1,R2=50,DENSITY KkA110=.9,SPEED KATluU=1.Ulo0%>

DELTA |URTEXT |QUAD | A% | URTEXT |Quap || AY .“
N AMP. AMP. | AMP. PHASE PHASE Il pHAase I
0.30 |0.00018 |0.000194 | 7.8 1.93  |-22.9 | 24.8 |
lq,so 0.00038 |0.000369 | 2.9  12.75 | -22.1 Nz4.v |
0.90 ]0.00052 | 0.000511 | 1.7 s.0a b -z0.s ::25./ !
1.20 |0.00063 |0.000606 | 3.8 3.95  |-18.5 Buzs D
1.50 | 0.00065 | 0.000644 | 0.9z 2.9/ 1-15.5 WBis.s
1.80 10.00069 |0.000620 | 10.1 | 4.7  }-1u.5 Juis.s |
2.0 :0.00059 30.000553: 6.6 :1.53 :-_/ 14 :: 4.04 ::
|2.4u 30.00047 30.000416 Ell.b 32.59 311.5 EE 5.9 ﬁ
[2.70 | 0.00031 |0.000303 | .3 | 4.85 | 42.3 | 3/.5
|3.00 |0.00010 0.000321 | 221.0  |18.1 {:39.6__ﬁVQiL:I®Mu
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TABLE 3

BETA=3,GAMMA=1 ,Ri=1,R2=10,DeNSITY RAT10=.9,SPEEV RATL0=1.vl0Y>

DELTA |URTEXT |QUAD  |A% | URTEXT |Quap WA |
AMP. AMP. IAMP | pHASE | PHAsE Wl PHASE Il

0.30 |0.0013 |0.0015 '15.4 !-47.2 27,5 Bis7 M
0.60 [0.0024 |0.0028 |16.7 | 47,0 |-25.4 B
ilo.9o '0.0034 1 0.0039 514.7 E-4o.e i-21.4 Eizs p ﬁ
11.20 |0.0041 |0.0046 |12.2 | -40.1 | -15.1 §3l.u |
lll.so 10.0044 | 0.0050 |13.6 | -45.1 L-5.58 B3v.. |
||l.80 Eo.ou44 L 0.0051 !1:.9 E—4;.o Eu.oq EEDL v ﬁ
12.10 0.0040 |[0.0053 |32.5 | -4u.z | 28.35 |468.5 |
12.40 10.0035 |0.0061 :gq.a | =341 [s1.15 pes..
2.70  |o.0024 |o.0076 |216.7 |-20.1 |71.85 Beco
3.00 |0.0018 io.oosa | 4444 13.5 | 87,68 };/4.z_~ [
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APPENDIX A

SALBALLLALTLLBAILRILLVLLVIRBAVRRS
SQUADRUPLET EXPANSION

Spquad.m

SMATLAB

%Quadruplet expansion ot the acoustic
fpressure field in a wedge shaped ocean.
f%Michael Joyce
SELLRALBALBALLAILLBALLILLRIBR88%

B=input( 'wedge angie in degrees='):

G=input( 'source angle from surtace in degrees=z');
D=1nput{ 'receiver angle trom surtace in degrees= };
rho=input('water to bottom density ratio=');
cc=input('water to bottom sound speed ratio=');
rlzinput('range of source from apex=');

r2=input( 'range of receiver trom apex=');

N1=£fix(90/B);
B=B*pi/180;
G=G*pi/180;

D=D*p1/180;

FEELLLRBTLBAVLIBBLRERBL LB LEIUB B8

SCALCULATE SCALING FACTOR




SALLALARAALALLLLALALABABRBURB80%%

tb=tan(B);
if cexl,
tl=acos(cc);
t2=8in(tl);
else
tl=acos(l/cc);
t2=tan(tl);
end
kl=2*t2*tb;

k=p1/kl;

EHEEEBEEEEEEBEEE BB BB BB EHE BB
SCALCULATE CONSTANTS AND PRIMARY DOUELET

BEEBEEHEEBBEBBRLEB BB LB L8

al=2*(1/rho)/(sqrt(cc 2-1));
r=sqrt(rl 2+r2 2-2*rl*r2*cos(D)):
r3zabs(r2-rl):

r4=rl*r2/r3 2;

mu=r2/abs(r2-rl);

g=Kk*rl*G*D;

pl=(2/r)*sin(q);

£=0;
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SELLARARALFILLRLALLBABBLR808088%
SQUADRUPLET SUMMATION

AL LALTABALLLILIRARBILR8%

for n=1:1:N1,
s(n)=n;
th(n)=2*n*B;
d(n)=k*rl*D*sin(th(n));

phi(n)=Kk*rl*mu*(l-costth(n)));

BTETRLBLBV LBV LBRBBE B8R
SREFLECTIUON COEFFICILENTS

BEVBBBLLB LB BBLR BB L%

ru(n)=ssqrt(rl 2+rz 2-2*ri*r2*cos(thi(n)+b));
rl(n)ssqrt(rl 2+r2 2-2%rl*r2*xcos{(th(n)-D));
rs(n)=rl/ru(n);

ré(n)=rl/ri(n);

ai(n)=li+ro(n)*cos(th(n))’
bl(n)=ré6(n)*cos(th(n));

rr(n)s=-B*ai1>*(n 2);

R(n)=-exp(rr(n));

a(n)=n*al*D*al(n);

b(n)=n*al*G*bl(n);

BEBBLBLEBEERBER LB REBLS
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SPRESSURE

BHELELBER LB LT BBINNBYY

ul(n)=cosh(b(n));
u2(n)=exp(-3*phi(n));

u3d(n)=(-2/r)*R(n)*ul(n)*u2(n);

SLETLLVLLVLLVILRBBVR/I[LA4NN
SUPPER IMAGE

BEBEERVEBL B EBEBBEBBEBBED

vi(n)=sin(th(n)+D):
vZ(n)=k*ri*G*vl(n);
v3(n)=sin(v2(n));
v4(n)=cos(v2(n));
vS(n)=-a(n)-J3*mu*d(n);
ve(nj;=exp(v5(n));
vl(n)=tanh(b(n));

vB(n)=své(n)x(v3(n)-3)*vr(n)*v4(n)),;

FTTT I TYTITITITIEITT LY
SLOWER IMAGE

LR L AL R AL AL L LA 2 R 10

wl(n)=sin(th(n)-D);

w2(n)=k*rl*G*wl(n);
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w3(n)=sin(w2n));

w4 (n)=cos{wsin));

wi(n)=a(n)+)*mu*d(n);
wé(n)=exp(wS(n));

w7(n)=wb6(n)*(w3(n)-3)*v7(n)*w4é(n));

BALALRCRAVRAERVLVRV B enY
SSUMMATION

BRERERBBEBEEBEEBEBHEB B8

p(n)=u3(n)*(v8(n)-wi(n,,;
t=t+p(n);
pr(n)=real(p(n));
pim{(n)=1imag(p(n));
pz(n)=sqrt(pr(n} 2+pim(n) 2);
Imn)=-1*K(n);
end

plot(s,pz);gria;

xlabel ( 'Quadruplet Number'):

ylabel( 'Magnatude of Quadruplet Pressure');

title('Quadruplet Pressure');

pause;

plot(s,rm); ;grid;

title('Rayleigh Reflection Coetricient );

Xlabel ( 'Quadruplet Number');

ylapeis( Coerticient');




pause;

pS=pitt;
ph=1mag(ps)/real
phl=zatan(ph);
phase=z180*phl/pi
t=f;

pl=pl;

ps=ps:
P=sqrtireal(ps)

end;

(ps):

J+1magi(ps) <)
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